A brief introduction to the linear model with R

Rl izahis legends ver 091218 : minor updated 20161003
"=", F&EB=5== synonyms; "—" FiBAE on1 explanation,” C”, %N B.5.<=n3 being included in
SIAH#EE wAL>54lra Abbreviation for references in this note

"Dobson” :cited from "Dobson, T —#{L#RAZEFTIVAPT1(An introduction to generalized linear
models 2nd ed. )

"Faraway": cited from "Faraway, 'Extending the linear model with R, Chapman & Hall/CRC.
" Grafen" :cifed from "Grafen & Hails, T —# R ETFNMICLDEMHFEOHDORKHEEF
(Modern statistics for the life sciences)
"Vit" : cited from "Vittinghoff et al., "Regression methods in biostatistics (Springer) "
"ETIVBIR": cifed from "TFE et al. TEFIVBIR I(HRERE)"
"Zar": cited from "Zar, Biostatistical analyses. 5th ed. (Pearson Educational) "
"Venables™: cited from "Venables & Ripley 'S-PLUS (C&k2#tst#@#(Modern Applied Statistics
with S-PLUS, 3rd ed., Springer)
"McCarthy": cited from "Bayesian Methods for Ecology (Cambridge Univ. Press) "
"Crawley": cited from "Statistics: An Introduction using R"
"Johnson" Johnson & Omland (2004) Trends in Ecology & Evolution 19 (2), 101-108.
"th3E"; cited from "hFE, TAF] N X{EHF (WEEE)
FASEE 52105/ FH|WEE 5=z glossary/synonyms (Dobson P2)
terms for 'X' variables : ‘BEF0AhFIU— category of a factor
REAZEH #omL AAT> explanatory variable =IK#E3\\Los level (H1 BEHLES
=FMEH L2 LTS e.g., " Betula ermani”’,” Quercus crispuld”)
predictor/regressor variable (Zar p424) b) ERRAZE Ve5TE OB ALTS
=MIT T, £<Y> AAT> independent variable

quanitative explanatory variable

terms for 'Y’ variables :

RIBEH BA0> AAT> response variable or
criterion variable (Zar p424)

=§EREW o» AAT> outcome variable

=HEBE] Lo>F< AaT> dependent variable

a) BMREAER LoTa ¢oHL AATS

=H#TE 2s5~AYE> covariate
qualitative explanatory variable :
=@F wval factor :
(B THIEE ) eg, "species name”) i

X.YORE L»<z Scales of X and Y: 1a) BBRE»HE Le<Z nominal scale
1)IEYFER for qualitative variable =RBB/A W& 54301 nominal classification
HFI)-EW »rTIU- ALTS 1b) lMFFRIE LwiL& Le<& ordinal scale
categorical variable =IHF 5% -- A3\ ordinal classification
=REEIES waa ~aT> discrete variable
DEH¥FT—4 3> T count data, 2) BEYTE Vr>5TE AATS for quantitative variable
DEMT—4 &35 T frequency data =EEEW ha¥< AaT> continuous variable



Overview of this note

CCTHYHRS GIM BREXMNICERSHGED GLM TH3. LEH>T. 2070 [R] OBEHIEZIM,
package (nime) @ Ime, package (Imed) @ Imer TH3,

Basically the GLMs in this note deal with normal type GLM. Hence the functions of [R]used in this note are
Im, Ime in package (nlme) , and Imer in package (Ime4) .

FEV67:<EAHIRTLOTEALEWLIE, Fe, BRANICEBEHOXERICO27=6DLENDT, L
BAIEL &0y,
Do not trust this note as there would be a lot of mistakes. Basically descriptions are prepared for Sumida's
use only, so do not complain about unkind explanations. (But please tell me if you find any serious
mistakes) .

0) MADKHIRLENDMBLER A short revision of stats before learning GLMs

1) BEETFTINVOER Definition of linear model

* RICEBDBETNORE—EMEIBICEDH Let's try linear models using [R] with multiple regressions
<EEBICEITD/NFA52BIR Parameter selection in ordinary multiple regression

‘PENSEMORE: HEAZEBOM Multiplicity of p-values and the number of explanatory variables.
cRKEVETFINENMEWVET IV Bigger models, smaller models

2)GLM %5 Characteristics of GLMs
< EFERAE link function : LEV7BEBICOVTHZZEH AN ? Why is link function important?
BAAEE GLM EORAR: REMICET IVEIRTSEE Why do we use likelihood method in GLM?
& AIC ZETIVBIRICESDA Why do we use AIC for model selection?

nim () in package (nime) / Imer () in package (Ime4)
3)REET I Mixed models

‘BEIRMR. EEMR(FFLHMR) fixed effects, random effects

##% Practice

f1#& Appendix
A likelihood. B A:i%E maximum likelihood method. ARELLIRTE likelihood ratio test
-offset BJ%&



RORTICOVLVTORIERSE Basics for expression of equations (Dobson p41)

FUNRTNIV x

(XL, FTEEANBR APV =EETI)E
X' TRY.
TEDS X RIAIMUXDEBTIIE

X"= (X, Xz, ***) Xn)
$BAZET I linear model NEH

#AlH £T3 o TL&  (Faraway p6)
1D2DHBEH(=RIGER)Y &E—HDOHAZEMX, .
X2+ *** Xm-1 EEFESERIEET IV linear model 1.
Y =Bo+BiX1+B2Xo + o +Bm1Xm1t+ €

DAEZTRY Bold¥lF intercept. € [F]R=E

TREAEFE: Xq. X, *** X1 . EAROEZD
F2ORAZEHERETNIERL, TaDE, m-1
ISHAZEROB(NFA2EIIT FE2LVhTmE).

Let x a column vector ;

A vector which is transposed from a column
vector (=transpose matrix, i.e., row and column are
exchanged), x, is expressed by x'.

X" = (Xy, Xa, *** Xp)

+ Defining a linear model (Faraway p6)

A linear model takes the form,

Yy =Bo+Bixi+BoXy + <
whereB, (/ = 0, 1, 2.,
parameters, and B is called the infercept term.

+ Bm—1xm—1+ €
m-1) are unknown

The response is Y and the predictors are Xy, X, ...
Xm-1. € Shows error term.

T Note: Assume Xi. Xa. ***Xm-1 to be each of
the explanatory variables of multiple regression.
So m-1 shows the number of explanatory
variables, and the number of parameters including

the intercept is m.

+Example) EllRXDFRIR representation of regression equation

y=XB +¢

7=72L. where
y=(y1, ¥2,
e=(€y, €5 °*
B=( Bo By, oe

b .vyn) Tv

1 an xn72

n, ¥—%% number of data:

., €,)7, (error)
®y Bm—1)Tv

X1m-1

xZ,m—l

n,m—1

m—1, REAZEEDOE number of predictor variables



R T generalized linear model |C&k2BIAZITIORIICEBIVHLTEINEZLE

Something you need to review before doing analyses with generalized linear models by [R]
& Basics (DobsonP4)
‘A sAEs Atz analysis of variance, ANOVA:
—HABEYUA TN THTIVANOR, ERMLRIGEREHTIIVANEER N HAZER(EF)ORFREHR
%)
For the relationship between continuous response variable (s) and categorical or qualitative explanatory

variables (factors) when explanatory variables are all categorical.(Crawley, Chapter 9, p167)

HAMAIR 2+5542a548& analysis of covariance, ANCOVA

— RIREHITERE. HAZEHSERRETREATIIVANEROBMSGELE<ES 1 T OLLIUR
Applied when response variables are continuous and explanatory variables contain both one or more

continuous variables and categorical ones (Crawley, Chapter 10, p202).

RMEEIE Al Ledpivd multiple linear regression

— 1D0EHNLERHEREVS DD OERHLHAE(HBV I FAEHODEREANS(FF LI App.
1)8R)

For the relationship between one continuous response variable and several continuous explanatory
(predictor) variables.

EORIcE3EELTRBIROVED, NBHEE (ICLIERERIRG E

Ordinary method for selecting independent variables in multiple regression model (Zar p433-)
Y., HAEHE 1 DEFLEETVOLHT, b (=x: DINFTAZ2—) D5 HEOHEIME HHREKENS
DEBER, =&AL, X () PBIENTZET S, RIC, X DFETT IHREXREVEDZEELS—DOBI(FIZIE x4
and X HBIENLETS), SOLSICLT, EREEPLTVLKD, RORFYTT X(), X, XoDBENEEL
TH xZ1DBPT LI, TNETEIFNAEEHDSSE t HEETLVODOH LV DI ETEERL. 1 DTEHNIE,
HoEH HHNEVEDERRL, EVLVSTTETEHZIERL T,

One of the most common method is "Stepwise Regression (i.e., both step-up and stem-down procedures are

included) "; Starting with the regression with only one explanatory variable, the one for which 4: (= parameter of x: )
has the largest value of [t| is first determined, e.g. x(1) is chosen. Then another dependent variable with largest [t|
associated with x 1) is chosen (e.g., now X and x( chosen). If in the next step X, X2 and X3 is chosen, but
whenever an x is added, the b associated with each of x's already chosen in the model is examined to see whether it
has a non-significant t, and if any of them do, the one with the smallest It| is eliminated at that step. (, t-value for
HO: B j=0 against HO: Bj#0 is, hosw@.v (V=n-m—- 1 = (number of data sets) - (number of variables) -1 at that
step)) A stepwise testing approach is an inferior method to variable selection compared to the criterion-based
methods. Nevertheless, testing-based methods are still useful, particularly when under manual control. They allow the
user to respect restrictions of hierarchy and situations where certain variables must be included for explanatory

purposes. Faraway p22



—EE p{ENDBEM Multiplicity of p-values (Grafen chap10.2 p184, chap11.2 p209) ——

BNRIAZ—DpERELICHEEZNZNT, v
FELHRARBS < TAHZ LR 1 EOBRE
LIyREHIE< LB, (EFNBRIRDOHEBAD MHi
HOEN &8H].)

B1HEOBRELPELVEDHICE.

1-(1-a) k< 0.05 IKHEBESICaERET i
BHhH 3 (k (FRAEHOH) .

EL. pHAEWMIHIBIEREW.

Probability of type | error becomes high as more
parameters are included in a model.

(See also "the principle of PARSIMONY"
chapter of model selection)

in the

One easiest way to avoid type | error is to set «
(significance level e.g., 0.05)) such that
1-(1-a) k < 0.05,
where k is the number of explanatory variables
(but under an assumption that all p-values are
independent, which is not the case.)

SICH<BHBEEBRIEEETIVE R TRoTHLD Let's try a simple linear model using R

# working directory2ZEX THL\T

mydata <- read. csv ("Peru. csv”)

#Perucsv&LrHcsv7 7 4)»0)?’—9’&%%&%&'6” mydata”tb\") A7z REDITD

head (mydata) # mydata&v>F—

JHOITERT S

AGE YEARS WEIGHT HEIGHT CHIN FOREARM CALF PULSE SYSTOL DIASTOL

121 1 71.0 1629 8.0 1.0 12.7

2 22 6 56.5 1569 3.3 5.0 8.0 64
3 24 5 56.0 1561 3.3 1.3 4.3 68
4 24 1 61.0 1619 3.7 3.0 4.3 52
5 25 1 65.0 1566 9.0 12.7 20.7 12
6 27 19 62.0 1639 3.0 3.3 5.7 12

#itdt BHWETIWNERTRH>THD
m () [Xliner model % X 58 ZRDHEAHR

m()nHICy= bO+blx1+b2x2+...
toXBE. Ty " x1+x2 5 &EBLEWG
perulm <-

HHEHEEHRR
—————

2ZF#. ZEHEALL no interaction term

170

120 60
125 75
148 120
140 18
106 12

Im() is an [R] function for linear model
ICHYT AKX ZBET S,

3. ZTOHEERZperum EWVWSHRIICLEAT 7 MMy L, EVWSERK
t OfElS. TOFHAZERERELAELZICENETYEHTRIVHABELLEZD2TT (EFNVEIRP10)
t-values represents how the fitness become worse if the predictor is removed.

perulm <- Im(mydata$SYSTOL ~ mydata$WEIGHT + mydata$YEARS)
(s)un;mlary(perulm) #peruim& BRI Z DI HERRERTESE RS
all:
Im(formula = mydata$SYSTOL ~ mydata$WEIGHT + mydata$YEARS)
Residuals:

Min 10 Median 30 Max
-17.469 -7.878 1.076 6.292 24.113

Coefficients:
Estimate Std. Error t value PrO|t])

(Intercept) 50. 3191 15.8184  3.181 0.00302 **
mydata$WEIGHT 1. 3541 0.2672 5.067 1.22e-05 #xx
mydata$YEARS  -0.5718 0.1879 -3.043 0.00436 **

Signif. codes: 0 ‘sxt 0.001 ‘sx 0.01 “%

Residual standard error:
Multiple R-squared: 0.4208,
F-statistic: 13.08 on 2 and 36 DF,

# HAREROEKI

0.05 <7 01 °7 1

10. 25 on 36 degrees of freedom
Adjusted R-squared: 0.3886
p-value: 5.385e-05

# mydata$SYSTOL = 1.3541 XmydataSWEIGHT -0.57 18 Xmydata$YEARS + 50.3191

# R2=0.3886, p=5.385e-05,

#iH4

RAZUDIEBOANER — BICRRORBHNEDILEWT



perulm2 <- Im(mydata$SYSTOL ~ mydata$YEARS + mydata$WEIGHT)
guTTary(perulmZ)

all:

Im(formula = mydata$SYSTOL ~ mydata$YEARS + mydata$WEIGHT)

Residuals:
Min 10 Median 30 Max
-17.469 -7.878 1.076 6.292 24.113

Coefficients:

Estimate Std. Error t value PrO|t])
(Intercept) 50. 3191 15.8184  3.181 0.00302 #**
mydata$YEARS -0.5718 0.1879 -3.043 0.00436 *x
mydata$WEIGHT 1. 3541 0.2672 5.067 1.22e-05 *xx

Signif. codes: 0 ‘e’ 0.001 ‘s« 0.01 % 005 “’ 01 “’7 1

Residual standard error: 10.25 on 36 degrees of freedom
Multiple R-squared: 0.4208, Adjusted R-squared: 0.3886
F-statistic: 13.08 on 2 and 36 DF, p-value: 5.385e-05

# EREIDICHEPLTHS (XEEALEL no interaction)
perud <- Im(SYSTOL ™ YEARS + WEIGHT + AGE, mydata)
summary (peru3)

Coefficients:

Estimate Std. Error t value Pr(|t])
(Intercept) 52.8212 16.7196  3.159 0.00325 *x*
YEARS -0.5187 0.2166 -2.394 0.02214 *
WEIGHT 1. 3836 0.2762 5.010 1.56e-05 ##x*
AGE -0.1410 0.2764 -0.510 0.61328
——hfg
Residual standard error: 10.36 on 35 degrees of freedom
Multiple R-squared: 0.425, Adjusted R-squared: 0.3758
F-statistic: 8.625 on 3 and 35 DF, p-value: 0.0002023

ROZDIFFEL .
perulm3 <- Im(mydata$SYSTOL ~ mydata$YEARS + mydata$WEIGHT + mydata$HEIGHT)
perulm3 <- Im(SYSTOL ~ YEARS + WEIGHT + WEIGHT, mydata)

REEAZSCETIVOIEE_"X" forall terms

geTTkougo <- Im(mydata$SYSTOL ~ mydata$YEARS * mydata$WEIGHT * mydata$PULSE); summary (perukougo)
all:

Im(formula = mydata$SYSTOL ~ mydata$YEARS * mydata$WEIGHT * mydata$PULSE)

Residuals:
Min 10 Median 3Q Max
-17.224 -6.952 0.689 6.695 16.788

Coefficients:
Estimate Std. Error t value PrO|t])

(Intercept) 752.776561 284.212690 2.649 0.0126 *
mydata$YEARS -17.214350 12.716132 -1.354 0.1856
mydata$WE1GHT -9.765249  4.389417 -2.225 0.0335 *
mydata$PULSE -9.953690 4.083273 -2.438 0.0207 *
mydata$YEARS :mydata$WE IGHT 0.263592 0.184640 1.428 0.1634
mydata$YEARS :mydata$PULSE 0.240460 0.170458 1.411  0.1683
mydata$WEIGHT :mydata$PULSE 0.156370  0.062203 2.514 8_?%?? *

mydatagYEARSimydata$WEIGHTZmydata$PULSE -0.003752  0.002424 -1.548

Residual standard error: 9.729 on 31 degrees of freedom
Multiple R-squared: 0.5507, Adjusted R-squared: 0.4493
F-statistic: 5.428 on 7 and 31 DF, p-value: 0.0003891

REEMEALFTOI|E ":" Z{ED ": " for interaction term only

geTTkougOZ <~ Im(mydata$SYSTOL mydata$YEARS mydata$WEIGHT + mydata$PULSE) ; summary (perukougo2)
a

Im(formula = mydata$SYSTOL ~ mydata$YEARS:mydata$WEIGHT + mydata$PULSE)

Residuals:

Min 10 Median 3Q Max
-21.723 -8.732 -1.992 8.017 39.255

Coefficients:
Estimate Std. Error t value Pr(>|t])

6



(Intercept) 1.143e+02 1.624e+01  7.037 2.94e-08 sokx
mydata$PULSE 1.874e-01 2.362e-01 0.794 0.433
mydata$YEARS :mydata$WEIGHT -2. 103e-05 2. 955e-03 -0. 007 0.994
Residual standard error: 13.35 on 36 degrees of freedom

Multiple R-squared: 0.01836, Adjusted R-squared: -0.03618
F-statistic: 0.3366 on 2 and 36 DF, p-value: 0.7164

BROLEWEFIV "—1" D3T3 "—1" for a no-intercept model

peru00 <- Im(mydata$SYSTOL ~ mydata$WEIGHT * mydata$YEARS -1) ; summary (peruQ0)
Call:
Im(formula = mydata$SYSTOL ~ mydata$WEIGHT * mydata$YEARS - 1)

Residuals:
Min 10 Median 3Q Max
-19.176 -8.993 1.142 8.122 17.456

Coefficients:

Estimate Std. Error t value Pr(>|t])
mydata$WEIGHT 2. 15909 0.05459 39.548 <2e-16 skx
mydata$YEARS 0.90709 0.80201 1.131 0.2655
mydata$WEIGHT :mydata$YEARS -0. 02336 0.01083 -2.156 0.0378 =*
Residual standard error: 10.92 on 36 degrees of freedom
Multiple R-squared: 0.9933, Adjusted R-squared: 0.9927
F-statistic: 1776 on 3 and 36 DF, p-value: < 2.2e-16

full model (but with no interactions)
perufull <- Im(SYSTOL ~ AGE + YEARS + WEIGHT + HEIGHT + CHIN + FOREARM + CALF + PULSE + DIASTOL
gy??ta) ; summary (peruful I)
all:
Im(formula = SYSTOL ~ AGE + YEARS + WEIGHT + HEIGHT + CHIN +
FOREARM + CALF + PULSE + DIASTOL, data = mydata)

Residuals:
Min 10 Median 30 Max
-18.3956 -6.6134 -0.0567 6.6590 23.3068

Coefficients:

Estimate Std. Error t value Pr(O|t])
(Intercept) 117.65501 57.60797 2.042 0.050304
AGE -0.21770 0.28583 -0.762 0.452425

YEARS -0. 56277 0.22116 -2.545 0.016523 *
WEIGHT 1. 84852 0.48825 3.786 0.000713 skok
HEIGHT -0. 06586 0.04218 -1.561 0.129300
CHIN -1.00756 0.88763 -1.135 0.265623
FOREARM -0. 86086 1.40854 -0.611 0.545846
CALF -0. 01008 0.63980 -0.016 0.987543
PULSE 0.05049 0.19916  0.254 0.801645
DIASTOL 0. 26295 0.16539  1.590 0. 122691

i3
Residual standard error: 10.18 on 29 degrees of freedom
Multiple R-squared: 0.5399, Adjusted R-squared: 0.3972
F-statistic: 3.782 on 9 and 29 DF, p-value: 0.002991



[Rl O AICEET 2 E Note

BRERRBEAY m OLHOBEBELEHA:
Outputs of "Im" in R (Faraway p8-9)

deviance : A more general term of RSS (residual
sum of squares): for linear model, deviance is
the RSS.
;RSS (RED M A=W LEDEH, LW—
AL ASE, 7270, BEET IV TIE deviance =

RSS (Faraway p8)
degrees of freedom: for a linear model, it is the

number of cases minus the number of coefficients.
Adjusted R?: = 1-RSS/ (n-p)/ ((TSS/ (n-1))
TSS: total sum of squares

R? can never decrease when a new predictor is
added to a model. This means that it will favor the
largest models. Adjusted R? makes allowance for
the fact a larger model also uses more parameters.

BI¥ anova () kB, IS XA—L2EDES2DDETFINQ. o (wiE QDEBDET IV )DLLE
(CORIMDEIDIRETAEVSEHRTIIL L DRI HTIE aov () ZfES)
Comparison of two models with different dimensions (or the number of parameters), where the parameters

of @ are a subset of the predictors of Q, using "anova ()"

anova ( "model’, "model” )

{RE assumption
P «— QOKREE (INFX2H)
the # of parameters of Q
d < OOXEE (INFX2H)
the # of parameters of w
S.p>q
{R&% null hypothesis: NEVWETF N0 DIFSHIEL
L smaller modelw is correct
F=(RSS w —RSS @)/ (p-a) / (( RSSQ/ (h-p))
& F(p-a,n-p) &ZHEL.
if F> F(p-a,n-p) g% Pr(>F) < 0.05
LSIE null 2RED (NMEVWETFNODIFSHIEL
WEREALL)
then we would reject the null hypothesis

(Faraway p12)

Example :

Imod <- Im( NEWEFIDX small model) :
Imodi <= Im(KEWEFNOR large model)
%R{TL =#%IC after doing above,

anova (Imod, Imodi)

ic&kbW F, PrOF) 23, p>qbLDT. K&
WEFIHEICKS?

drop1 (Imodi, test = "F") Faraway p9
BROKEVETFIHST1DINGAE—ERH>T=ETF I %
H®da, ?

confint (Im DEFIVER)
EFWINGAZ—DIS K EFREERZL N, 7=7L. R
EHSeREEETlI 4Ly Faraway p14

plot (Im DEFIVHR)
RRE 4 FETRE




Generalized linear model M¥F#  Characteristics of GLM

EIEBAE navo »as5Link function

7B &S fAH ? What's link function? (after Dobson p36, p52-53. Faraway p116)

NEORZEERY (=1,2,..N)ICHL. i BHOER
Yi ORAFHE(FIIME)E E (Yi)=u, &ERETD. Fi.
T X0 i IBDONRIMVOEBETHE X' TRY,

179 X 2EOHREETVERDEISICREN S,
Bo+BiXi+BoX2 + o+ +B,Xn = XB
XB 29N ERBeArvensa (linear
component ) IX R 2 F Ml Fearunke<L
(linear predictor)&ty>,
EIE N, EREFNFEERUDOITIMBEIET
YR
glul = glE(YD)] X' B

=Bo+B1X;1+P2X;2 + o
2ngnit% EEEAW &L,
EEEBI haltorasslink function

(=) VBBIAHATS)
— Y OHAFHE (FI9ME) p EHAEH X OREHES
CEERT SR RIV(BIEA). (Dobson p36)

+ Bmxl m

— FThbs. U VEMald. covariates (HE
E=XOZL)DFBEFHUFICEO>TENLSIC
EDEY E(Y)=plcEUDoiondh R,

BETF—2EFDSIBED) VBB EESHERD
Shiz(Faraway p36) (but RSHR)

e 3

X' Xi10 Xq20 *** Xim, (

X' X210 X220 *** Xom Y=
X=[x" [= | X0 X2 *** Xim

X' XNt Xn2e *** Xnm

. J ~

Yi
Y,

Yy

(i=1,2...N)
expressing the mean of of i-th response of Yi is

For N number of responses Yi

expressed as E (Yi)=u,.

The linear model (linear linkage) of X is
expressed as follows;
Bot B X1+ BoXo + o« +BXn = XB

which is called 'linear predictor" or “linear

component” (of g defined below) .

Here let the function linking the mean u; with linear

component is expressed g. That is,

glu] = glE(Yi)] X' B
=Bo+B1X;1+BaX;2 + o FPmX/m

Here "g" is called the "link function’, i.e., link

function is an equation that shows the relationship
between the mean value of Y and the linear
component of explanatory variable X.

— The link function g describes how the
mean response, E(Y)=u, is linked to the
covariates (=x, or explanatory variables)
through the linear predictor n.

« It is usually not possible to choose a link
function to be used based on the data alone.
(Faraway p36); (but see Table)

B g [E0N)] (g )
g [E(Y,)] B,
g E(y)]= . B= | -
g W]
% ) - Bm %



BHELHE LT, EHHD 1 @lEGT (i=1) DIBEEBALDS., LEAISHEY 2TET
SHHAZENEZBRETZEN X ELTHERAT3HITHS., CHOEE, BEFHNFE
Bo+B1X

TH3.YDFHEE X DEEETFNEDRERIE. EXEIgEFES &

g [E(Y)] = Bo+B1X

EEITS.

As an simplest example, assume a case in which there is only a single variable (i.e.i=1).
This is a case when the explanatory variable of body weight Y is only the body height X.
In this case the predictor is

Bot+B1X .

The relationship between the mean of Y and the linear component of explanatory variable
X is written, using the link function, as follows.

g [E(Y)]= Bo+B1X

10



LRI link function DL X—SIRTALAS(?)

Image of 'link function’ is as follows (?)

The link function that links x;with E(Y})
x; & E(Y;)&%#E A link function g(E(Y/))

Measured value of Y;

v, DBIEiE

@@H%EE(YI)
xpected value
of Y;

YiDHERS T

Probability distribution of Y;

\ X;

ERETLVEE: ) 7B ETIRETIE -

YIORERMIZ. EEDOISLOTALEEIELALL,
E0iRS, MFEOTHL)ERGHED LROIESH
F—2DIESDEDTHAAKE,
Distribution of the probability of Yi may be
skewed like this; in this case the range of
data > the mean is wider than the data

range < mean.

Trivial supplement

‘MENFA—SH N ZHAUKETS. N BEONtEE
B(=RHEHY, Yo ... Yy &N HOBBAIER xi’
RS EERABIITIRETTOLSICRT.

Y
X;" X110 Xi20 *** Xim, Y1
2
X' X210 X220 *** Xom y=
X=[x" |= | X1 Xs20 *** Xym
X' Xn1s Xn2o ***y Xym
N Yy
. J
xB=glEW]
f=7el.

y : EBRER(=RIGEBIONIM,

glE(y)]: Yi OFIHME E (Yi) ORIV
(gIFENERTHRIL).

Xi' : FUNZMIVXi DEEBAIBIV;

XOERIZ, BERHVENLHAZHROBEITNEIE

TDHD, XORRHANBNLHAZEHDIZE ST KE

(leveD)ERIEH (0,12 LE=FI-BEW ra-

AAT> dummy variable Dobson p42 ; 0,1 MHD &

% (3 indicator variable &4V5)

7. 79 X @FF11750(design matrix) E&BF

i¥hs,

B —MEDREAEIBDINFTAZ—D NIV
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*Let m the number of parameters, and N the
number of observations. The link function linking N
. Yy and N
sets of explanatory variables xi', is expressed by

number of response variables Yy, Y,

B g [E0N)] (g )
g [E(Y,)] B,
g E(y)]= . B=
g [E(Yy]
% ) - Bm %
xB=glEW],
where

y, the response vector

gl[E(y)], the vector function of the mean value
of Yi, or E(Yi) (g is common to all components)

xi', the transposed vector of vector xi.

The components of x are the measurements
themselves if they are quantitative explanatory
variable, and if they are qualitative variables they
are constants allotted to show their levels (e.g., 0,
1, 2, etc = dummy variable, and is indicator
variable if "0 or 1"). Matrix X is also called
"design matrix".

B shows the vector of parameters of m number of
explanatory variables.



LY GLM TUZ7BBAHAEEH ? Why is "Link Funciton” important in GLM?

fl > — #% & B T F N general
model (generalized U %L\ )IZROB%E{RE:
RIERY FERAHICHES

RIGEH Y (FHAEY X oA TREND
INTORGIIHBOSE 0 28D
COBE(—REBAZET I general linear model D%
& =gaussian)DV 7.

linear

General (Not "generalized") linear model assumes
that:  (Dobson p133)

*Response variable follows normal distribution

* Response variable is expressed by a linear
equation of predictors.

+All responses should have the same variance.

In this
family) case, the link function is:

(i.e., general linear model or Gaussian

glul=p

Thbs, FiYE( ZXKDSH FEHH)EDEDH)
JBBTHB, ChiIcHL, RIGE Y ICE-TIE. £
ITLHWERHHS. (Faraway p117, Venables
p256)
ERE N=Bo+ BiXy°** + BnXnldBICL 25
BEHYIBD. HBT—2(HhIMTF—2)DETN
DIBEFEIE 1 BEOETEINELSLEVDT, n
=y EBLZEHTEL, EST, Y 7B#ELT,
=exp(NEHBVTRNIE, HBT—2THM BRI EEIC
43, TLbs5, HRT—2ET VORI FEHED
BICEDTF—2%2L3)VBARELTER I 3%
A3, (Faraway p117)
General linear model Tl&n = p DIBFESLHI YK
AEULH, EoflnLSIc, Generalized linear model
TREINUADBEICEMVRVDTRETHS.
L7ed>7T. [R1D GLM BI¥(L<DHhH D)
EESKR. EO family ZES0OMHBLMEY
YORBRELON ) ERETIVEDLHD,
For example, in general Nn=RBo+ B1Xq*** +Bm
(Faraway p116)
ETFIVINGAG— B EESIRHO>TRODID
BEOD linear model TREHMNEMAHDIBE(#ib
DRODHEAB=1DBS)IRNMN_FREICLDH
EBiEIIRIEL A, generalized linear model TIE#R
FHUNDIZE(FEBEHE# 1 DIBS ) ERMIERSIE
ARBN_REICIIMEESEATET. AEHN
HEH EHNUEICES, Faraway p7
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i.e, (the function to obtain) mean value y is

identical with the link function. However, this is not
always the case. (Faraway p117, Venables p256)

Xm Can be negative, but in the case of count data
model the mean u should be positive. So we set
u=exp(n) as the link function so that n =
log (u) which ensures p > O in the case of
count data models. (Faraway p117)

Though general linear model can deal with the
case only whenn = p, but generalized linear
model can deal with other cases.

Hence you need to determine which
"family” is applied (or link function to be
used) to your GLM function of [R].

How is model parameter 8 determined?

In ordinary linear model with normal error
distribution (variance function = 1 in the table),
least square method is applicable. In other cases
(when variance function # 1), least square
methods are not appropriate and likelihood-based

method is necessary.



Canonical Link VroRa#¥:

EIEI¥L Variance function

MENR(HSEE Crawley p125)

- né& Y DFGEEDEFE  xFHEHEDIERHHAESE  EFIVEE(AEE Venalbes p257)
Relation betweenn & u H3H%ERYT describes how the Family
variance relates to the mean.
n=u 1 Normal IE# 5%
({EERI%) = Gaussian Ho>7»
n =log (u) u Poisson K7/ 3
(X E4Ba%L) count data etc h o bF—2L:E
n=log(u/(1-u)) u(1—u) Binomial —IHS %
(aovyhEa#) death/survival etc. £ETF—52%
n=u" GEHEAH) p? Gamma 523
n=u? 8 Inverse Gaussian #H V7 3%

DBBICOWTOEDNMROAEE E#BER Other notes on link function (Faraway p115/p117)

GLM B RHE Y oA Exponential family &
BFEhd22H026206DICHLTERZND
(Dobson p58) ., #=&zl¥. 6 =FHE & =D
ERRMOBEDLSIC. 01 canonical parameter
(EENRF A2 — (SEEETEINFTAE—)
=natural parameter) EFEIEN3. I MOMHIE |
ZRTINTAZ—T, Ol dispersion parameter &I
EN3, BEXROT A=) scale, RE 2RI/
FA2—TH3.y DEERTIT{(y[6,0) TRT.
GLM o
N(=Bo+ B X1+ BoX2 + o
=g(u)=0
DESC VBB ITREND. n =0 2[HI=THE
REEARLER/IEEER canonical link (SIR%E
ETBNFARZEDERE?) EBEA,

+ B mXm)
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(Faraway p115. Venables p257)
GLM is defined in terms of the distribution of the
response variable Y that belongs to a member of
the "exponential family distribution” (Dobson p58).
As in the case of normal distribution with ® =mean
and ® = variance, 0 is called the "canonical
parameter’ and represents location, while ® is
called the "dispersion parameter” and represents
the 'scale’. y is represented by a form f(y |6,®)
As in the relationship of GLM:
N(=Bo+Bix;+BoX2 + -+
=g(u)=26
the relationship represented by the link function g

+ B mXm)

that satisfiesn = 0 is called the "canonical link".
(Faraway p115. Venables p257)



GLM E BAXEEDRVEDY : ETFIEIR :

L3 AppASE

Close relationship between GLM and maximum likelihood : Model selection (see also App A)

Johnson p101, Box.3
EFVERIIEERRBICERES VTS,
EFVERICIZIBEIDODDRFENHS,

DNEFEERAICTS

RZ BEHREKRZVEDERA, f=7:L. principle of
parsimony' B DER [T LOEMBLETIDIES
HRVEVWSRIBICRL., N7 A2BHBVETFI(X
FVETFI)DIESH R HB<LIER. BEROLL
NFGAIPEVST=ETFNHBRIREN ST REEDLH S,
2)i@#&{R R (null hypothesis) R
AEEIRE(likelihood ratio test, LRTIZRE KL fE
bh3 R\ 95 ETHS. LRT BANFER
IKHBARNZDDRFPTETFNELHRTE, KELE
TFIWEEDMBRAETNEDAEDLLEZRAN, ETNAH
RESLO>THETNEEBHMICTIBERDAHIHESH
ZIRETD. Chid,. EARICEVTHELZET VD
ST AZ—%1EPL TV, THIEE ICRITLS, =
L. BMIATLHEWEB IOREEPIZLICEZDT
247 | T5—(F 1 BORY: BE|R (null
hypothesis) AIEELL\DIC, SheRINT I8 )ES
MIAREMEHEL<LD,

3)ETIRIREE

AIC ZEDESIC, ETFNOERHEEHIEOMS %
EBL. BHOETINEZ AR .ICHEBTESLSICL
=60,

GLM O/ X8 —BRBAAETRDIZ EH
T&3, B% Gasussian GLM Q& Z TGN X %
EZRINBIKROH SN Z3H,. ThLUATE—EHIC
BITMICKRH B EATELVOTHIEN

|csks 3, (Fittinga GLM  Faraway p117)
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Model selection is grounded in likelihood theory. Typically one
of three kinds of statistical approach is used to compare
models: (see Jhonson p101, Box.3)
1) maximizing fit

Maximizing fit (e.g., R?, with no consideration of model

complexity, always favors fuller (ie. more parameter rich)
models. However, it neglects the principle of PARSIMONY and,

consequently, making it a poor technique for model selection.

2) null hypothesis tests

The likelihood ratio test (LRT) is the most commonly used null
hypothesis approach. LRT compare pairs of nested models.
When the likelihood the larger (i.e., the more complex) model is
significantly greater than that of the smaller (i.e., simpler)
model, the complex model is chosen, and vice versa. Selection
of the more complex model indicates that the benefit of
improved model fit outweighs the cost of added model
complexity. LRTs are often analogous to forward selection in
multiple regression, where the analyst starts with the simplest
model and adds terms. A drawback is that it requires several

non-independent tests, thus inflating type | error.

3) model selection criteria.

Model selection criteria (e.g. AIC) consider both fit and
complexity, and enable multiple models to be compared
simultaneously. An important advantage is that they can be
used to make inferences from more than one model, something
that cannot be done using the fit maximization or null
hypothesis approaches.

The parameters B of a GLM can be estimated
using maximum likelihood. (Faraway p117) The
parameters can be analytically estimated in the
Gaussian GLM, but in general it is not possible and

so parameter estimation is made numerically.)



LEACZ GIMDETIEIRICES DD ? BAk/AELBRENES (£7 18R p24)

Why AIC in model selection in GLM?; Drawbacks of maximum likelihood and likelihood ratio tests

EES5HMYAREICEBALTETNBIREZT
T3, LAL.

BAE: « - ETNDINT A — 28 (dim6) Hig
MFBICONTHUAREHKELS
B3, WO REEERBTELL

HYEEE - - NTA—FHOERNA R

NDEHHEELTERBEINZH. &

SHRICHZIETINOLLERLHAT

L

ZIT. HYUARDHIEZL TNFI X -8 DR
BERBELELOHFBIRHEREACTHS.
AIC= -2 (£« (B¢ | X) - dim6)

EKZEICHEL. BS AIC ANEVETFNER
F. ChiF, NI A—2YHBRABZEICHT S
RNFENT 1+ —%, dimo 2BI< ZETHATIVS,
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Both methods carry out model selection by
focusing on the difference of log-likelihoods.

However,

Maximum likelihood ... We cannot take into account
the effect that log-likelihood becomes greater as
the number of model parameters (dim8) increases

Log-likelihood-ratio ... Difference in the number of
parameters is taken into account as the degree of
freedom of X 2-distribution, but comparison of
models is possible only between models that one
includes the other.

AIC (Akaike's information criterion) corrects log-
likelihood estimates by taking into account the
number of parameters. That is, by calculating
AIC= -2 (tk (B | X) - dim8y)
choose the model with the smallest AIC. Put

for each k, and we

another way, it gives "penalty” against the increase
of the number of parameters by subtracting dimok.



[R] @ linear model T AIC TEFIVEBIRT 3 IREMIEH

[R] @ library Ime4 @ Imer S p fEAE A 7= :
Why has p-values disappeared from a linear mixed model function Imer (package Ime4) of [R]
FOWNEZDEMY =T NIELIT 28, See below if you want to know the reason
https:/ / stat.ethz.ch/pipermail /r-help/2006-May/094765.html

—MORB|ET IV (i) MIED/SY r— nime
DORIEETIVEIE Ime IEpEZHAL TS N3,
Gaussian LRz %0V /=8, Gaussian LIS gim
DIFEE Imer FEZXT. NV 75— Imed DR
Imer 2S5 &lCtd., LAL. Imer Tl p EH
Hil, TOHROBMEOELEVRIFFOESS
SH,

L7H>T. Imer Taim DEFIN2RDZBE
2. AICICEDEFIRIRZTOICLICE S,

L. EFNICE > T memesamp B4 £
TN X2 DOEARER (BHRRAAEVESLD)
EZHHETICERURE: T A2 OEHEREMAICHE
HT2H0%FLITNIE Imed DBEIE memesamp
TINF X 2DOERAREM credible interval (highest
posterior density (HPD) interval £&LV5RAN
—J8M) % Bayes #EY 3.

Z D IFH . package (languageR) @ pvals.fnc () %
E>HiF6H3 (fl:

mymodel <- Imer (y ~ aaa + (1| bbb), mydata)
mymcmc <- pvals.fnc ( mymodel, nsim =1000)
7=72L. crossed random factors ICIE¥L TH
LT,

mymodel <- Imer(y ~ x + (1| aaa) + (1| bbb),
mydata) @ & 5 BB EICIE pvals.fnc (3 fEZ 40
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Function Ime in package (nime) is for general linear
mixed model to fit and compare Gaussian linear
and nonlinear mixed-effects models, which outputs
p-values. However, p-values disappeared from an
advanced version Imer in package (Ime4). Hence,
for generalized linear models other than Gaussian,
we need to use Imer in package (Imed), but p-
values are not available. See below for other
differences

If you want to determine a model for gim in Imer,
model selection method by AIC is applicable.
Incidentally, for some mixed models, we can
like
confidence interval; also called highest posterior

estimate credible interval (=something

density ( HPD interval ; see next page) of
parameters with a Bayesian way using a function
such as "mcmcsamp” in  Ime4. Function

pvals.fnc () in package (languageR) is also
available, e.g., by
mymodel <- Imer (y ~ aaa + (1| bbb), mydata)
mymcmc <- pvals.fnc ( mymodel, nsim =1000)
However, pvals.fnc () cannot be applied to crossed

random factors, so it is not applied in a case like

mymodel <- Imer(y ~ x + (1] aaa) + (1l bbb),
mydata)



nime & Ime4 QOLL#E Comparison between nime and Ime4

Ime4
- does memc for the posterior distribution of parameters in Gaussian models
- handles gim's, crossed random factors, very large data sets
nime:
- implements mixed effects models for continuous data with Gaussian errors with nested random effects
- has a good predict method
- does NOT have mcmc; but has an approximate version of confidence intervals for parameters.
- does NOT handle gim's, crossed random factors, and very large data sets.

HPD Highest Posterior Density Regions

The Bayesian “confidence interval” is called a highest posterior density (HPD) region or credible set. For
one parameter the HPD region is sometimes called a credible interval (CI).
http:/ /math.bu.edu/people/dlgold/courses/HPD.pdf

For the time being, | would recommend using a Markov Chain Monte Carlo sample (function mcmcsamp) to
evaluate the properties of individual coefficients (use HPDinterval or just summary from the "coda”
package) . Evaluating entire terms is more difficult but you can always calculate the F ratio and put a lower
bound on the denominator degrees of freedom.

17



BEETFINV Mixed models

fixed effect /random effect /mixed model (=2LVT (Grafen P224)
‘BERBHMR 7w 25» fixed effect * Fixed effect is an unknown constant that we try
=BEMR 375 5 to estimate from the data. e.g. mean value of a
—SZNERAOMBZKEETNEAZICRADLAHEIEE  level
OEH Hl: KEDFIIE

EEMR ~aWx> 25 random effect *Random effects are categorical variables whose
— BEFOMBTLOAEKEOHRICFRETSD  levels are viewed as a sample from some alrege
EE(FHMBE). FV9LMREHEBLTHE  population (Grafen p 223). It does not make
BRILVA, FUFLROT R ISHTETS.  sense to estimate a random effect; instead, we try
TDKED, HB AELBEEA HSOEERE to estimate the parameters that describe the
Re€3&E56H7TYHNE(Grafen distribution of this random effect. (Faraway p153)
P223) e.g., variance, which is a parameter that affects
the distribution of the parameter we want to know.
B8 BR)ETIN cAT5 (@50 T3

mixed (effect) model - Mixed (effect) model
—fixed effect & random effect DMEBF A>7=ETF N — A model containing both fixed- and random-
—GLM OESET VIR effect models

= generalized linear mixed model GLMM —mixed-effect version of GLM

= generalized linear mixed model GLMM

RGEBHFERT—2THBIBREDREETINVO—KER
General expression of mixed model when response is normally distributed (Faraway p155)
y=XB +Z vy +€
Y. RIEH Response variable
B EIEMR RE p DAY IV Fixed effect; vector of length p
X n X p®DfFil n X p model matrix
q BEDF 5 LHREF DNV Vector with g random effects
n X q®fT5 n X q matrix
EBRSMICHESRZE  Normal errors

m Nox

18



Practice #Chapter 8 (of Faraway's Book) ; Random effects

library (faraway)

i) MCMCIC & % p fEQ(EHREEB DI, Confidence intervals of p-values by MCMC was obtained by
package'languageR" ®" pvals.fnc (Imerd®# 7 = ¥ b8, nsim=1000) TK&H 7=,

p156 8.1 data (pulp) DAE: random effects

HOBABZEEARNL—-2DTF—%2

> head (pulp)
bright operator
59.8

1 . a
2 600 a
3 60.8 a
4 60.8 a
5 59.8 a
6 59.8 b

EFNE (O) :ANOVA
BOLSDSICBRVWOKDIBAADAN L —2 ZEEHR E T HANOVA
Imod <- aov (bright ~ operator, pulp)

i) aovidimZ ANOVARICH 719 2 =8 DwrapperBi# (p157)
chickath . J|alc

op <- options (contrasts = ¢ ("contr.sum”, "contr.poly” )) # uses ‘sum to zero contrasts’

summary (Imod)

Df Sum Sq Mean Sq F value Pr(>F)
operator 3 1.34000 0. 44667 4.2039 0.02261 %
Residuals 16 1.70000 0. 10625

Signif. codes: 0 “kxx" 0.001 “% 0.01 % 005 °° 01 °" 1

coef (Imod)
((Intercept)  operator1 operator2 operator3
60.40 -0.16 -0.34 0.22

ARV =2 —RANED. BBRHMROMIBZOLLBZRITLOT, AAHOERRTEATIELL,
LdL. 0- {-0.16 + 0.34 + 0.22) = -0.40 THHETZ 3,

B5LHIC Im THHZERE: - -

Imod <~ Im (bright ~ operator, pulp)

summary (Imod)

Call: _

Im(formula = bright ~ operator, data = pulp)

Residuals:
Min 1Q Median 3Q Max
-0.440 -0.195 -0.070 0.175 0.560

Coefficients:

Estimate Std. Error t value Pr(>[t])
(Intercept) 60.40000 0.07289 828. 681 <2e-16 *x%x
operator1 -0.16000 0.12624 -1.267 0.223
operator2 —0. 34000 0.12624 -2.693 0.016 %
operatord 0. 22000 0.12624 1.743 0. 101
Signif. codes: 0 “kkx” 0.001 “%x 0.01 % 0.05 °° 0.1 °° {

Residual standard error: 0.326 on 16 degrees of freedom
Multiple R-squared: 0.4408, Adjusted R-squared: 0.3359
F-statistic: 4.204 on 3 and 16 DF, p-value: 0.02261

19



EFMEA) ¢
mmod <- Imer (bright ~ 1+ (1| operator) , pulp)
random effect ORIRiE
(1loperator)  EWk meaning
— F—%ldoperatorick > TIN—T{LENTLVS Data is grouped or nested by "operator”.
(1l )D"1'0) EBk meaning = FVFLMRBEIN-TATR—E
(11 ). random effect is constant within each group
REML=FALSE H#EBE N TL &L DT, Restricted maximum likelihood (p156) TX> T3

chick s :
summary (mmod)
Linear mixed model fit by REML
Formula: bright = 1+ (1 | operator)
Data: pulp
AIC BIC logLik deviance REMLdev
24. 63 27.61 -9. 313 16.64 18. 63
Random effects:

Groups  Name Variance Std. Dev.
operator (Intercept) 0.068084 0.26093
Residual 0. 106250 0. 32596

Number of obs: 20, groups: operator, 4

Fixed effects:
Estimate Std. Error t value
(Intercept) 60. 4000 0.1494 404.2

=0k
#FE1=60.4 =fixef (mmod) THATTEE (TF&E)
S48 LR (operator) DR §L=0.068084

EEDR (F9E) moliHiEk How to output fixed effects

fixef (Imerz & L 7=ZE#H 1)

ffl) p162 fixef (mmod)
(Intercept)

v 8 LAROMAE How to output random effects

ranef (Imer 2L 2EHRB) $7 2 F LMRICIHE L 2 ZEHE

fl) p161 ranef (mmod) $operator
(Intercept)
-0.1219427
-0.2591282

8.1 ?7671 2

a
b
c
d 2133997

BAEMREFT LR EADE/=HA (BLUPs, the best linear unbiased predictor)

fixef (ImerZ &M L 7=Z#2) + rannef Imer2 &ML =ERR)$S5 4 LNROTHE

i) p161 fixef (mmod) + ranef (mmod) $operator
(Intercept)

a 60.27806

b 60.14087

c 60.56767

d 60.61340

20



pvals.fnc (& 2REDEMIEE confidence interval of parameters using function "pvals.fnc”
meme <- pvals.fnc (mmod, nsim=1000)

$fixed
Estimate MCMCmean HPD95Iower HPD95upper pMCMC Pr (>[tl)
60. 4 60. 4 60. 09 60. 71 0. 001 0
$random
Groups Name Std. Dev. MCMCmedian MCMCmean HPD95/ower HPD95upper
1 operator (Intercept) 0.2609 0.1874 0.2083 0. 000 0. 4958
2 Residual 0. 3260 0.3523 0.3632 0. 247 0.5011
EFIME(2) :

smod <~ Imer (bright ~ 1+ (1| operator), pulp, REML=FALSE)
REML=FALSE HEEEh. BENDRALETR>TI'\S

p163 8.4 data (penicillin) MAE: blocks as random effects

RZDD) I/ REDADNEEL (treat) ABCDICKBDEEEDHE, 7=72L. corn steep liquor (%) OEFEIC

HERT DT, SEHEMNDBlendEFNFNICHLTA4D0AEAAKETNTIS,
treat blend yieég
en

1 A Blend1

2 B Blend1 88
3 C Blend1 97
4 D Blendl 94
5 A Blend2 84
6 B Blend2 17
7 C Blend2 92
8 D Blend2 79

—y
©
(]

Blends 80
20 D Blend5 88

(k) b2EAAHSBHLULTBERA CABRBTERL RS ZCRAREZRE L LR
KO&D, -2 RA2—-FORIENO—D. MEMR. BEFOIE,

EFNMEA) ¢
mMEZERMRELTHRIBES
Imod <~ aov (yield ~ blend + treat, penicillin)
i) aovidIimZ ANOVARICH 719 B =8 DwrapperBi# (p157)

EFME(2) :
blend2 5 F LHMRELTMSIBS
op <- options (contrasts = ¢ ("contr.sum”, "contr.poly”) )
HEICRT EEE op <- options (contrasts = ¢ ("contr.treatment”,"contr.sum” ))
contr.helmert returns Helmert contrasts, which contrast the second level with the first, the third
with the average of the first two, and so on.
contr.poly returns contrasts based on orthogonal polynomials.

contr.sum uses ‘sum to zero contrasts’
21



mmod <- Imer (yield ~ treat + (1 | blend), penicillin)

#ChicEBitiN

summary (Imod)
Linear mixed model fit by REML
Formula: yield = treat + (1 | blend)
Data: penicillin
AIC BIC logLik deviance REMLdev
118.6 124.6 -53.3 117.3  106. 6
Random effects: #Z4LZIRIIblend

Groups  Name Variance Std. Dev.
blend (Intercept) 11.792 3.4339
Residual 18.833 4. 3397

Number of obs: 20, groups: blend, $

Fixed effects: H#EREMRILtreat
Estimate Std. Error t value
(Intercept)  86.000 1.817 47. 34

treatl -2. 000 1.681 -1.19
treat2 -1. 000 1.681 -0.59
treatd 3. 000 1. 681 1.78
=
BF08% - EERMROFLR (F1y) |
fixef (nmod) #&XB&
(Intercept) treatt treat2 treatd
86 -2 -1 3

T17%ZL. ERMRireatFINFEHLENT. IRFEHLES.

S8 LSIRblendDFEREBHTUWEWVWD, FFLAMRSEDBLUPS I ]
ranef (mmg&il))I #3:’(96&:.‘.!.‘.6 (AL 0IcoTLNB L)
en

(Intercept)
Blend1 4.2878788
Blend2 -2.1439394
Blend3 -0.7146465
Blend4 1.4292929
Blend5 -2.8585859

coef (mmod) #&X2E&., TSV FLMRIEDEBMRNEY | AT

$blend
(Intercept) treatl treat2 treatd
Blend1 90. 28788 (=86+4. 28 ) -2 -1 3
Blend? 83. 85606 (=86-2 14 ) -2 -1 3
Blend3 85. 28535 -2 -1 3
Blend4 87. 42929 -2 -1 3
Blend5 83. 14141 -2 -1 3
pvals.fnc (C & 2RO ERTBE
meme <- pvals. fnc (mmod, nsim=1000)
meme
$fixed
Estimate MCMCmean HPD95Iower HPD95upper pMCMC Pr (>|tl)

(Intercept) 84 84.0866 79. 309 89. 456 0.001 0.0000
treatB 1 0.8506 -5. 367 6.657 0.764 0.7204
treatC 5 49987 -1.121 11.428 0.104 0. 0872
treatD 2 1.8845 -4, 725 8.209 0.534 0. 4767
$random

Groups Name Std. Dev. MCMCmedian MCMCmean HPD95|ower HPD95upper
1 blend (Intercept) 3.4339 2.0085 2.1783 0. 0000 5. 6180
2 Residual 4. 3397 4.9426 5.1224 3. 1499 7. 0999
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p 167 8.5 data (irrigation) ® AE: Split plots

8 D0fieldDELXD S5, 2DFDICELUEHM (irrigation) K82 —2 (THbBE4EDirigation) 25X,
EHICEFNBRICRLI2nEOIEMERHIEL.COEEDNEyieldzBR L. LiH>T16/14—
ohHB.

irrigation

field irrigation variety yield f1 f fs 15

1 f1 i vi 354 i1 i1 i1 i

2 f1 i1 v2 37.9 vi v2 vl w2
i 3 v 382
| v .

5 3 i3 vi 348 f2 f2 f6 [f6

6 f3 i3 v2 364 i 2 i 2 i2 2

7 {4 i4 vl 395 vi v2 vl v2
N
| v .

PoRonowE s i
| v .

% ;? I;23 v% 2:132 vi v2 vi v2
| v .

14 {7 i3 v2 428 f4 f4 f8 18

15 {8 i4 vl 445 i 4 i 4 i4d 4

16 f8 i4 v2 476 vi v2 vi v2

summary (irrigation)

EFNMEA) :

FBLf WRONG : irrigatione miEEL &, REMEHSANTEERMRICT S, T/, fielde 3 4 LHR.

ES5IC. miESfieldiCnestL T 4 LMRICLVRBE - - -

Imod <- Imer (yield ~ irrigation % variety + (1lfield) + (1lfield:variety) data=irrigation)

Number of levels of a grouping factor for the random effects must be less than the number of observations

(ZFLMRODIN—EVTOKEOHIE (YD) BAKEI 2L LITAELESH) D
fieldD L NN D=8, varietyD L NND#=2 T.
8%2=16%4DT. length(vield) =16ERALICL3057?2??

—field AN RBMICLIER (2#) ERECIIENHERATEL.,. ChSERBTBICIE, &field
ATIDOERBICOE2HALI LONEHBE, (p168) LERHY

EFIME (2) : IEf# CORRECT
Imodr <~ Imer (yield ~ irrigation % variety + (1lfield) ,data=irrigation)
BHRINIVERBLERBEEFRALANTERHRICL. fieldDAEF 2 FLFRICT S

#ChicEBitiA

summary (Imodr)
Linear mixed model fit by REML
Formula: yield ~ irrigation % variety + (1 | field)
Data: irrigation
AIC BIC logLik deviance REMLdev
65.4 73.12 -22.70 68.61 45.39
Random effects:

Groups Name Variance Std. Dev.
field (Intercept) 16.2000 4.0249
Residual 2.1075 1.4517

Number of obs: 16, groups: field, 8
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Fixed effects:
Estimate Std. Error t value

(Intercept) 38. 500 3.025 12.726
irrigationi2 1. 200 4.279 0.280
irrigationid 0.700 4.279 0.164
irrigationid 3.500 4.279 0.818
varietyv2 0. 600 1.452 0.413
irrigationi2:varietyv2 -0.400 2.053 -0.195
irrigationid:varietyv2 -0.200 2. 053 -0.097
irrigationid:varietyv2 1. 200 2.053 0.584

Correlation of Fixed Effects:
(Intr)

irrigation2 -0. 707

irrigationd -0.707 0.500

irrigationd -0.707 0.500 0.500

varietyv2 -0.240 0.170 0.170 0.170

irrgtn2:vr2 0.170 -0.240 -0.120 -0. 120 -0. 707

irrgtnd:vr2 0.170 -0.120 -0. 240 -0.120 -0.707 0. 500
irrgtnd:vr2 0.170 -0.120 -0. 120 -0. 240 -0.707 0.500 0.500

irrgt2 irrgt3 irrgtd4 vrtyv2 irr2:2 irrd:2

pvals.fnc <& 2 REDO MMM mcemep <- pvals.fnc (Imodr, nsim = 1000)

$fixed
Estimate MCMCmean HPD95Iower HPD95upper pMCMC Pr (>lt1)

(Intercept) 38.5 38.5742 31. 855 45.707 0.001 0.0000
irrigationi2 1.2 1.2128 -7.979 10. 582 0.760 0. 7862
irrigationid 0.7 0.7811 -7.416 9.640 0.844 0.8741
irrigationi4 3.5 3.5910 -6. 049 13.149 0.424 0. 4370
varietyv2 0.6 0.5479 -7. 968 9.758 0.896 0.6902
irrigationi2:varietyv2 -0.4 -0.6091 -13. 092 11.945 0.908 0. 8504
irrigationid:varietyv2 -0.2 -0.3427 -11. 322 12. 282 0.962 0.9248
irrigationi4:varietyv2 1.2 1.2085 -12. 293 13.860 0.802 0.5750
$random

Groups Name Std. Dev. MCMCmedian MCMCmean HPD95Iower HPD95upper
1 field (Intercept) 4.0249 1.0615 1.2249 0. 0000 3.3114
2 Residual 1. 4517 3.9660 4.2242 2. 1251 7.3168

p170 8.6 data(eggs) DIE: Nested effects

6DDFKIC, 8DF DU TN%eiXD, CD8D%. BEIRIE2ANDNEEMIC4ET DOED. CD4HEIS.
GEHEWS BRIN2BENY T NH2HDDOTH P, ChSOIRHNEZES. HRDNDBMIEFFKEAT

—HUERERFEShIHEVS

eggsF t Lab Technician Sampl

at Lab Technician Sample "

1 0.62 one G Technician1

2 0.55 | one G G
3 0.34 | one H G
4 0.24 | one H

5 0.80 | two G H
8 0.65 | two H Lab | Technician2
9 0.30 Il one G G
47 0.26 VI two H G
48 0.06 VI two H H
EFNMMEA)

cE, F=. RRBGEHE2<RAL®D,

Technician (Z [& one,
two EWD ZFA DN
TWa 7,
L ZRETIFERS A
DT nest §3

[ L one T

EERMRIEFANET. ChRFEALTHBET . B Y TIVRIRERICRIENLEDLEEELZNT.

ZV LR, e, HROBME S KEAT—RL BERHE

FLMR, (HLIFIRILICERTIRERBERMRICTS) YT VRBEMATRANT S, £EL.

5NBIHENSZELDT, KL

ChESDF L FLHRIE. FHB. FIFAOKME. E7RKOFHREDY TR, (Cnestd 3.
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cmod <- Imer (Fat ™ 1 + (1lLab) + (1|Lab:Technician) + (1|Lab:Technician:Sample), data=eggs)
#chick A :
Linear mixed model fit by REML
Forgu{a: Fat “ 1+ (1| Lab) + (1 | Lab:Technician) + (1 | Lab:Technician:Sample)
ata: eggs
AlC BIC logLik deviance REMLdev
-54.24 -44.88 32.12 -68.7 -64.24
Random effects:

Groups Name Variance Std. Dev.
Lab:Technician:Sample (Intercept) 0.0030646 0.055359
Lab:Technician (Intercept) 0.0069802 0. 083548
Lab (Intercept) 0.0059199 0. 076941
Residual 0.0071958 0. 084828

Number of obs: 48, groups: Lab:Technician:Sample, 24; Lab:Technician, 12; Lab, 6

Fixed effects:
Estimate Std. Error t value
(Intercept) 0.38750 0.04296 9.019

pvals.fnc c & dR¥E D RFREEH
meme
$fixed

Estimate MCMCmean HPD95Iower HPD95upper pMCMC Pr(>|t|)
0.3875 0.3869 0. 3105 0. 4604 0. 001

$random
Groups Name Std. Dev. MCMCmedian MCMCmean HPD95!ower
1 Lab:Technician:Sample (Intercept) 0.0554 0.0106 0.0152 0. 0000
2 Lab:Technician (Intercept) 0.0835 0.0475 0.0480 0. 0000
3 Lab (Intercept) 0.0769 0.0633 0.0631 0. 0000
4 Residual 0. 0848 0.1108 0.1123 0. 0889
HPD95upper
1 0. 0477
2 0. 0937
3 0.1172
4 0. 1441
EFIME(2) :

Sample BFBELICLTHLWVWDHELNEVVOTRERT
cmodr <- Imer (Fat =~ 1 + (1lLab) + (1|Lab:Technician), data=eggs)

#ChicEBitN:

Linear mixed model fit by REML

Formula: Fat ~ 1+ (1 | Lab) + (1 | Lab:Technician)
Data: eggs
AlC BIC logLik deviance REMLdev

-54. 63 -47.15 31.32 -67.1 -62.63

Random effects:

Groups Name Variance Std.Dev
Lab:Technician (Intercept) 0.0080017 0.089452
Lab (Intercept) 0.0059199 0. 076941
Residual 0. 0092389 0.096119

Number of obs: 48, groups: Lab:Technician, 12; Lab, 6

Fixed effects:
Estimate Std. Error t value
(Intercept) 0.38750 0.04296 9.019

AlCIEE > EDIEFSHBDTEDETNDIEFS> 4 kLV? 2 ?
P173-4TIFARLRELRT TP > TL13,

pvals.fnc IC & 2RO EFREH
meme <- pvals. fnc (cmodr, nsim=1000)

memc
$fixed

Estimate MCMCmean HPD95Iower HPD95upper pMCMC Pr (>Itl)
1 0.3875 0.3894 0. 3223 0. 4668 0. 001 0
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$random

Groups Name Std. Dev. MCMCmedian MCMCmean HPD95/ower HPD95upper
1 Lab:Technician (Intercept) 0.0895 0.0532 0.0516 0. 0000 0. 0927
2 Lab (Intercept) 0.0769 0.0629 0.0625 0. 0000 0.1129
3 Residual 0. 0961 0.1122 0.1138 0. 0892 0. 1452

> 2% (logLik (cmod) -logLik (cmodr) )
REML

1.603423
Zhe&e, 7—bMA M5y 7TXR>TRSHZLRT (likelihood ratio test statistic, p158) 5. sampleDZEE)

F|MPATES, &LTWLB (p172)

P173 8.7 data (abrasion) DE: Crossed effects

FTUARBENT -4 (RAMLWRARLERHSMESEHE) . 4V TIVHRARKICHRTE 3ER
RERICADOOMEABCDEAN, EREZRET S, COD4O0MEIEICEH, HBrunZEICHBR
HESLI3THY. AERERL 7=, (HETIEiTH positionFAtrun)

abrasion

run position material wear ‘ _
11 1 C 235 ¢ A D B
SR S Y
c 1 M
6 2 2 B 241 B D A C
16 4 4 D 225 A Cc B D
EFIE (1) :

EFEEwearH#¥imaterial. position, runTEH3H
Imod <- aov (wear ~ material + run + position, abrasion)
#chickshA:

ENLEEES - (RREK)
summary (Imod)

f Sum Sq Mean Sq F value Pr OF)
material 3 4621.5 1540.5 25.1510 0. 0008498 *xx
run 3 986.5 328.8 5.3687 0.0390130 %
position 3 1468.5 489.5 7.9918 0.0161685 %
Residuals 6 367.5 61. 2
ETFNME (2) :

EFEEwearlct L. ##imaterialZZ (1 2 EEXIER. position, runld S F LMRER LT, nestehTLE
woT - -
mmod <- Imer (wear ~ material + (1lrun) + (1|position), abrasion)

#ChicEBitN:

Linear mixed model fit by REML
Formula: wear ~ material + (1 | run) + (1 | position)
Data: abrasion
AIC BIC logLik deviance REMLdev
114.3 119.7 -50. 13 120.4 100.3
Random effects:
Groups  Name Variance Std. Dev.
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run (Intercept) 66.896 8.1

position (Intercept) 107.062 10. 3471

Residual 61.250 7.8
Number of obs: 16, groups: run, 4

Fixed effects:

Estimate Std. Error t value
(Intercept) 265.750 7.668 34. 66
materialB -45. 750 5.534 -8.27
materialC -24. 000 5.534 -4 34
materialD -35. 250 5.534 -6.37

Correlation of Fixed Effects:
(Intr) matrIB matrlC

materialB -0. 361

materialC -0.361 0.500

materialD -0.361 0.500 0.500

BEEMROBEMEEZ /ST X MY Y UbootstrapTIRETE D5, T t HAAZ L D Tmaterial
DRI HBDEFASH ] 5L L (Errata p9&k b))

pvals.fnc c & dR¥E D RFREEH

meme <- pvals. fnc (mmod, nsim=10000)
meme

$fixed

Estimate MCMCmean HPD95|ower HPD95upper pMCMC Pr (>It])
(Intercept) 265.75  265. 84 248. 32 283. 074 0. 0001 0. 000
materialB -45.75 -45.74 -63. 95 -26. 753 0. 0004 0. 000
materialC -24.00 -24.04 -43. 48 -6. 047 0.0194 0. 001

materialD -35.25 -35.26 -54.02  -16.309 0.0024  0.000

$random

Groups Name Std. Dev. MCMCmedian MCMCmean HPD95Iower HPD95upper
1 run (Intercept) 8.1790 4.7182 5.6719 0. 0000 15. 5149
2 position (Intercept) 10.3471 6. 0975 6.7799 0. 0000 16. 3480
3 Residual 7. 8262 12. 0840 12. 6926 6. 5554 19. 9656

p174 8.8 data (jsp) DAE : BEET IV multilevel models

ZHeschool. ¥ 7 Aclass. tRlgender. MDEHIF 2 Vsocial. AZEBFOHEET A b Dk #HEraven, (B
ABEid. 1~3FEKOREDTADM. 1 ~IFEHOBEFEDTADM, AREDFFyear. HIOTF—4%

head (jsp)
school class gender social raven id english math year
1 i 9 72 23

1 airl 23 0
2 1 1 girl 9 23 1 80 24 1
3 1 1 girl 9 23 1 39 23 2
4 1 1 boy 2 15 2 7 14 0
5 1 1 boy 2 15 2 17 11 1
6 1 1 boy 2 22 3 88 36 0

SERODBFEORBEHIDEEE S TDD. 2EXS.

jspr <- jsp [isp$year==2,]

f£hlgender. MOMEHIT > I social. AFKDOHET R b O RiEraveniCH % DI T, #&school &
U 5Rclassz2 78 LHMRICVICE., (LU FHERIFTlenderl3BARLEEESE>NDTZH
BT, T, ravent EHETELEL)

jspr$craven <- jspr$raven-mean (jspr$raven)

mmod <- Imer (math ~ cravenksocial + (1lschool) + (1lschool:class) .data=jspr)
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#ChiCEBHN:

summary (mmod)
Linear mixed model fit by REML

Formula: math ~ craven % social + (1 | school) + (1 | school:class)

Data: jspr
AIC BIC logLik deviance REMLdev
5963 6065 -2961 5907 5921
Random effects:

Groups Name Variance
school:class (Intercept) 1.1774
school (Intercept) 3.1477
Residual 27.1412

Number of obs: 953, groups: school:

Fixed effects:
Estimate Std. Error

(Intercept) 31. 91127 1.19554
craven 0. 60585 0. 18854
social2 0. 02362 1.27219
sociald -0. 63073 1. 30887
sociald -1. 96707 1.19707
sociald -1. 35849 1. 30022
social6 -2. 26870 1. 37373
social7 -2. 55182 1. 40554
social8 -3. 39499 1.80135
social9 -0. 83133 1. 25346
craven:social2 -0.13208 0. 20579
craven:social3d -0.22433 0.21888
craven:sociald 0.03581 0. 19488
craven:sociald -0. 15035 0. 20889
craven:social6 -0. 03861 0. 23259
craven:social7 0.39825 0.23176
craven:social8 0.25599 0. 26154
craven:social9 -0.08103 0. 20550

Std. Dev.

1. 0851

1.7742

5. 2097

class, 90; school, 48

t value
26. 692
3.213

memc1 <- pvals.fnc (mmod, nsim=1000)

meme
$fixed
Estimate MCMCmean HP

(Intercept) 31.9113 31.9345
craven 0.6059 0.6051
social2 0.0236 0.0340
sociald -0. 6307 -0. 6547
sociald -1.9671 -2. 0022
socialb -1. 3585 -1.2986
social6 -2. 2687 -2. 2801
social7 -2.5518 -2.5315
social8 -3. 3950 -3. 3847
social9 -0. 8313 -0. 8399

-0.1321 -0. 1337
-0.2243 -0.2182
craven:social 0. 0358 0.0354
craven:sociald -0.1504 -0.1552

craven:social2
i

craven:socialg -0.0386 -0. 0263
é

craven:social

craven:social 0.3982 0.4020
craven:social 0.2560 0.2477
craven:social9 -0.0810 -0.0779

$random
Groups Name Std. Dev.
1 school:class (Intercept) 1.0851
school (Intercept) 1.7742
3 Residual 5.2097

D951ower HPD95upper pMCMC Pr (>|t])
29. 7232 34. 3475 0.001 0.0000

0. 2568 1.0237 0.002 0.0014
-2. 4319 2.4343 0.972 0. 9852
-3. 3087 1.7078 0.634 0.6300
-4, 4037 0.4998 0.098 0.1007
-3. 6729 1. 3829 0.304 0.2964
-5. 2775 0.3244 0.100 0.0990
-5. 2890 0.1648 0.068 0.0698
-6. 9614 0.1097 0.052 0. 0598
-3. 4581 1.5226 0.492 0.5073
-0. 5406 0.2822 0.538 0.5212
-0. 6473 0.2023 0.312 0.3057
-0. 3558 0.4306 0.872 0.8543
-0. 5768 0.2727 0.456 0.4718
-0. 4752 0.4259 0.876 0.8682
-0. 0822 0.8259 0.110 0. 0861
-0. 3089 8.6867 0.346 0.3279

-0. 497 3188 0.714  0.6934

MCMCmedian MCMCmean HPD951ower HPD95upper
0.6668 0.6809 0. 0000 1. 4764
1.6493 1.6232 0. 9086 2. 2875
5.2695 5.2703 5.0106 5.5282
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esidu;

Sample Quantiles
R

-10
-10

-15
-15
&

T T T T T T T T T T T T T
-3 -2 -1 o 1 2 3 15 20 25 20 25 40

Theoretical Quantiles Fitted

qanorm (resid (mmod) ,main="")
plot (fitted (mmod) ,resid (mmod) ,xlab="Fitted",ylab="Residuals”)
X3 (EH) | E(EfittedhKZ< BB EFEPHP NS LB ERMA DL B,

Chapter9 Repeated measures and longitudinal data

9.1 data (psid) DT

1968 R T25-39/ M 1968-1990MB5SADHFET— &

head (psid)
age educ sex income year person
1 31 12 M 6000 68 1
2 31 12 M 5300 69 1
3 31 12 M 5200 70 1
4 31 12 M 6900 T1 1
5 3 12 M 7500 72 1
6 31 12 M 8000 73 1

psid$cyear <- psid$year - 78
mmod <- Imer (log (income) ~ cyear % sex + age + educ + (cyear |[person), psid)
print (summary (mmod), correlation = FALSE)
Linear mixed model fit by REML
Formula: log(income) ~ cyear % sex + age + educ + (cyear | person)
Data: psid
AIC BIC logLik deviance REMLdev
3840 3894 -1910 3786 3820
Random effects:

Groups  Name Variance Std.Dev. Corr
person  (Intercept) 0.2816564 0.53071

cyear 0. 0024000 0. 04899 0. 187
Residual 0.4672724 0. 68357

Number of obs: 1661, groups: person, 85

Fixed effects:
Estimate Std. Error t value
(Intercept) 6.674178 0.543334 12. 284

cyear 0.085312  0.008999  9.480
sexM 1.150315 0.121293 9. 484
age 0.010932 0.013524 0. 808
educ 0.104212  0.021437 4. 861

cyear:sexM -0.026307 0.012238 -2.150

meme1 <= pvals.fnc (mmod, nsim = 1000)
I Tl 5 — pvals.fnc (mmod, nsim = 1000) : EHTHEL TS hizly
MCMC sampling is not yet implemented in Ime4_0.999375
for models with random correlation parameters

29



mcme1 <- memcsamp (mmod, n=1000, saveb = TRUE)
LI FICT5— .local (object, n, verbose, ...) : EHHTHHL T Wzl
Code for non—-trivial theta_T not yet written

LHL. ImeZESIESIESIIC - - -

mmodime <- Ime (log (income) ~ cyear % sex + age + educ , random = ~ cyear | person, psid)
summary (mmodIme)
Linear mixed-effects model fit by REML
Data: psid
logLik

AlC BIC

3839. 776 3893. 892 -1909. 888
Random effects:

Formula: “cyear | person
Structure: General positive-definite, Log—Cholesky parametrization

StdDev Corr

(Intercept) 0.53071321 (Intr)
cyear 0. 04898952 0. 187
Residual 0. 68357323

Fixed effects: log(income) ~ cyear % sex + age + educ
Value Std.Error DF t-value p-value
(Intercept) 6.674204 0.5433252 1574 12. 283995 0. 0000

cyear 0. 085312 0. 0089996 1574 9.479521 0.0000
sexM 1.150313 0.1212925 81 9.483790 0.0000
age 0.010932 0.0135238 81 0.808342 0.4213
educ 0.104210 0. 0214366 81 4.861287 0.0000
cyear:sexM -0.026307 0.0122378 1574 -2. 149607 0. 0317
Correlation:

(Intr) cyear sexM age educ
cyear . 020
sexM -0.104 -0. 098
age -0.874 0.002 -0. 026
educ -0.597 0.000 0.008 0.167

cyear:sexM -0.003 -0.735 0.156 -0.010 -0. 011
Standardized Within—-Group Residuals:

Min Q1 Med Q3 Max
-10. 23102885 -0.21344108 0.07945029 0.41471605 2. 82543559

Number of Observations: 1661
Number of Groups: 85

glmres <- glm (PULSE ~ 1, offset=log (YEARS), family = poisson, mydata)
Eurlr;mary (glmres)

all:
glm (formula = PULSE ~ 1, family = poisson, data = mydata, offset = log (YEARS) )

Deviance Residuals:

Min 1Q Median 3Q Max
-10.742 -2.489 1.018 4724 18.618
Coefficients:

Estimate Std. Error z value Pr (>|zl)
(Intercept)  1.5621 0.0191 81.8 <2e-16 *xx

Signif. codes: 0 “¥%% 0.001 ‘xx’ 0.01 ¥’ 0.05 ‘0.1 ‘" 1
(Dispersion parameter for poisson family taken to be 1)

Null deviance: 1803.3 on 38 degrees of freedom
Residual deviance: 1803.3 on 38 degrees of freedom
AIC: 2042.6

Number of Fisher Scoring iterations: 5
BT EERDU

glmres2 <- glm (PULSE ~ offset (log (YEARS) ), family = poisson, mydata)
summary (gimres2)
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AE. BRAAE
AE=T—2 X 2BELELEEODNFAZ20DA
50L& ABRAMRBROESICERENS.
P(X|B) = p(x1/8)p(x2]6) - - - p(xn|B)=M[p(xi |B)]
CZT. X BN BEOBRAUBHISHEINT M
X=(X1,X2, * * *,%XN)
THhY), pXO)IFINT A% 0 HEICEDNIETH >
ERICT—2 X HB5h2BETHS (PETA
AN 1 XifEtF ) p56), REBFICEEZHETS
BEld. BEEMBERICT 3 0IC. COMmAN
e o -MPAERABERMURS, v&bDS,

(M) AEEBIEIRATERE NS,
£ (8] X) =log p (XI8) =log M[p(xi|8)]=Zlog p(xi|6)
(RER. T—2 XHEASNEROINF X520

DELESLE, ELTHSBESATNB I LEICE
)
ABZBARICTIEIOLOHNBAAEHER
maximum likelihood estimate, MLE, %~ $AFEZE p
EZAHIOATRLEEE. 6~ £ (6] X) BRARK
ICE2&5IC (REEICIK (BX)%2 6 THAL £
% {dlog[p(xi [8)]/d8}AH 0 kDL DIC) ¥WIEMIC
0 EROTILNS,

Appendix A
likelihood, maximum likelihood (EFIV#IiRp13. FEP 56)

likelihood = likelihood of parameter 6 given data X
is observed. Likelihood function is defined as:
P(X|B) = p(x1/8)p(x2]6) - - - p(xn|B)=T[p(xi|B)] ,
where X is a vector composed of N observations
X=(X1,X2, * * *,XN)

and p(X|0) represents the probability of observing
data X if parameter 6 is the true value.

likelihood,

equation is taken to make it monotone increasing

When calculating logarithm of the
function. That is, the (log) likelihood function is
defined as follows:

£ (8] X) =log p (XI6) =log M[p(xi |8)]==log p(xi|6)
(Note that the likelihood is defined such that the
likelihood of parameter 6 given data X.)

The © that maximizes the likelihood is called
maximum likelihood estimate (MLE). Perhaps if the
probability p is expressed by an equation, MLE is
numerically estimated such that the derivative of 6
~ OX)
maximum.

relationship differentiated with 6 is

BAZELETNOOERMR (ET7NERP20)

BAEICEIZIETNBIREEHBRICTOEEH
WTESES LD BV, —RIC2DDERS Sk &
SkKHIBEEMR SkCSK'Ichd&E, ok =0
k?(RESE) THEH5. k =K' (EE) &&
U, BAETRENDESLTF—2EAALTHK
(IR X28) HBRRXOETNHBEICERAEA
BEHRKEL,

31

Applying model selection by maximum likelihood to
variable selection does not work when maximum
likelihood is used directly. In general, if a set Sk is
included in a set Sk' or SKCSk', the variance of
residuals are in the relationship ok?= ok'?, and
so their likelihoods are tk = k', so that the
maximum likelihood for the model with the largest
k (or those with largest number of parameters)
are selected with any data.



(X#) AELLIRTE (log) likelihood-ratio test (EFIIV:EIRp21~)

A2ERICHZIZO2DETN MCMD S5, /)
EVESOETFN M(AELWERRBT S, 74
HDEHOEEERREM a (X) A M OEREERE
T3, COEE. QEMCMELENDT, KEWIES
DETFIV MKHIELWS B, E>TPhEWET
WeRBUELEDH, BRAHBALEDOE
AL=0(0c | X) =2« (8| X)

BOFAERBIETHY., BAEICEIZIETNVEIRT
& MAHDBIENRTLES, 6L M(IBIEL LA M
ELSBWMERIEAL BESICKELS LB EAMD
HB3RTEHLS. HBHIE (=phHlk) Z2RD
TEWNT, ThEU AL HAMEWERICIE M 28
SrZEICT B,

2 A IZEHEBAE m=dim 6 - dim 6 (6, 6,DH
HEST—28) OhA1ZRIMICELIB (¥) IC
HSCEHAHMSNTLBNT. ChZFAL TR
E%Z1T5. (x Faraway p159-160 TIXF&EREY
( conservative IC %& % ) & L T parametric
bootstrap TpPp £ HEH T2 L 2 #HR) |

Assume that smaller model My is correct between
two models with MCMy. Put another way, assume
that
component of M. In this case, we may want to

actual probability function q(X) is a

select smaller model as g€ M, M, and hence

M.

difference in the two maximum log-likelihoods,
AL=0 (0, X) =Lk (B X)

is O or positive, so that M, is always selected by

larger model is also correct. However,

the model selection using maximum likelihood. If
M is correct but Mis not correct, thenAt should
become greater, so we determine a threshold
value beforehand (i.e, p value), and se select M if
At is smaller than the threshold.

Because it is known that 2 At approximately (¥)
follows X?2-distribution with degrees of freedom
m=dim6, - dim@ (d.f. of 6, 6 =the number of
data), a test is possible. (¥ Note: in Faraway
p159-160, as the result by this method can
become conservative, it is advised to calculate p
value by parametric bootstrapping.)

#®Ei%x how to test

BHEMON A ZRIHICHE S BEEHAH x L
FICL3@EEZ P =F,(X) £F 3.
Rk : M ChEWVETN) BELWL T3,
p (Fl. 0.05 k. M(AELWCHEADDHST M
ERIEE TLDS

M 2B R E=RHNEE (p>0.05)
MZ2BRZE=RHBENOEL (p<0.05)

NI7X2—7H ( 2AL. HHEmM) Oh1 %%
D pfEERTKDHS (Faraway p159)

pchisa ( 2A¢, m, lower =FALSE) >0.05 %5
SVWETFIERSL,
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Let the probability p that a probability variable,
which follows X 2-distribution with degrees of
freedom m, be equal to or smaller than x is

p =Fn (X)
Now we set HO: My (smaller model) is correct).
The p (e.g, 0.05)
selecting M despite that Mis correct, i.e.:

shows the probability of

To select M, = acceptance of HO (p>0.05).
To select M, = rejection of HO (p < 0.05.)
We estimate the p-value of X2-distribution with

parameters of ( 2 Af, df. =m) using [R]
(Faraway p 159) . If
pchisq ( 2A¢%, m, lower =FALSE) >0.05,

then choose smaller model.



Appendix B

T \OEMEMESL. offset BA¥I%Z{ER ! Do not use "ratio” variable: use offset function!
offset () (Vit pp197, 293)

A#7tYMR: (BEGREAS1ICEDEIIC) H5HLHRBEEEL-HATE

Predictors with fixed coefficients are referred to as offsets (Vit P197), with a coefficient of 1 (Vit p 293)

reI <- read.csv ("RelL.csv")
re

1.0

F 10 | Rel |
5 1000 751. 41485 0.7514149
0 800 507.67630 0.6345954
9 1500 651. 18446 0. 4341230 2
0 250 94.02838 0.3761135

5 743 195. 52361 0. 2631543
0 291 67.72321 0.2327258
5 323 52.46260 0. 1624229
0 1100 156. 33296 0. 1421209

rel$Rell

02

10.
2 1.
3 1.
4 2.
9 2.
6 3.
73
8 4

04

5E(3 Beer-Lambert ®;%x8I 1/10 = exp (-0.5 F) F—%(HHA) s
plot (rel$F, rel$Rell, xlim = ¢ (0, 4), ylim=c (0.1, 1), log="y")

FLbHs, log (relative light) = log (I/10) = -0.5 F (Ct>TLV3,
FEREADE | LOBERE, #ELOX 10 HEBEBLTREIFLESELE:

plot (rel$F, rel$l, xlim = ¢ (0, 4), ylim=c (0, 1000))

RIRI2 <-Im((log()) ~ F + log (10), data = rel)
summary (RIRI2)

Call:
Im(formula = (log(l)) ~ F + log(l0), data = rel)

rel$l
600 800 1000

400

200

Residuals: : ; :
1 2 3 4 5 6 7 ol

8
-0. 00578 0.06891 -0.04926 0.01811 -0.06790 0.03792 -0.07123 0. 06924

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.11296 0.28034 0.403 0. 704
F -0. 49666 0.02238 -22. 190 3. 45e-06 *¥x
log (10) 0. 97906 0.04018 24.364 2. 17e-06 x¥x

Signif. codes: 0 “kxx" 0.001 "% 0.01 % 005 °° 01 °" 1

Residual standard error: 0.06849 on 5 degrees of freedom
Multiple R-squared: 0.9969, Adjusted R-squared: 0.9957
F-statistic: 808.5 on 2 and 5 DF, p-value: 5.276e-07

hTESHhB.
log (I) = -0.49666 F + 0.97906 log (10) + 0.11296

ey, log(10)ICRABBMMA L » FICH > THMEME (1/10) [SEETE 400, 0.97906 log (10) DR

BIE1THoTIELL, EIT, offset() 2fES&. RUZ1ICEAEL T3,
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RIRI <- Im((log (I)) ~ F + offset (log (10)), rel)

guTPaw(RmD
all:
Im(formula = (log(l)) ~ F + offset (log(l0)), data = rel)

Residuals:
Min 10 Median 3Q Max
-0. 07251 -0. 06286 0.01465 0.05075 0.06851

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) -0.03045 0. 05002 -0.609 0. 565
F -0. 49282 0.01981 -24. 876 2. 78e—07 xxx

Signif. codes: 0 k%" 0.001 "% 0.01 % 005 °° 01 °" 1

Residual standard error: 0.06419 on 6 degrees of freedom
Multiple R-squared: 0.9968, Adjusted R-squared: 0.9963
F-statistic: 1870 on 1 and 6 DF, p-value: 1.024e-08

chTEShERIZ.
log(l) =-0.49282 F + log(10) -0.03045
Thbs, log(l/10) = -0.49282 F -0.03045
/10 = exp(-0.49282 F) % exp(-0.03045) = 0.970009 exp(-0.49282 F)
&), (XX Beer-Lambert MFEBICHES S EHDH B,
curve (exp (-0.03045) x exp(-0.49282%x), add = TRUE)

1.0

05
|

rel$Rell

01
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